In this paper we extend previous results on the effective thermal conductivity of liquid helium II in cylindrical channels to rectangular channels with high aspect ratio. The aim is to compare the results in the laminar regime, the turbulent regime and the ballistic regime, all of them obtained within a single mesoscopic formalism of heat transport, with heat flux as an independent variable.
Introduction.
Superfluid helium exhibits peculiarities which are very important in cryogenics, for instance for cooling the big magnets at CERN, to keep at low temperature observational devices in astronautical artificial satellites, and for future applications in the refrigeration of micro-devices.
The properties of superfluid helium to flow through very thin capillaries with very low viscosity, or the high thermal conductivity which does not allow it to boil have been known since the first half of the last century [1] [2] [3] [4] [5] [6] [7] .
From the point of view of heat transport theory, superfluid helium is the most challenging material, because of its peculiar quantum macroscopic coherent nature which confers to it extraordinary properties, and also because it can remain in its liquid state also in the absolute zero temperature limit, potentially exhibiting turbulent behaviour. Even in the latter situation, helium is surprising because of the quantum properties of the vortices in turbulent state. In superfluid helium there are different mechanisms responsible for heat transport, but here we focus our attention to the ones occurring in three very different regimes: laminar, turbulent, and ballistic. The first two ones are the subject of much research, but the ballistic transport is much less known, and it occurs when the mean free path (mfp) of the heat carriers (quasiparticles) is comparable or longer to the smallest size of the channel. The heat carriers in Helium II are phonons and rotons as pointed out by Landau [8] , even though in the following we refer to phonons for the sake of simplicity, because at very low temperatures their contribution is higher than that of rotons. The aim of this paper is indeed to pay attention to the ballistic regime and continue the studies begun in [9, 10] , but without dismissing the other two regimes, i.e. in the framework of heat transfer equations able to deal with the three regimes. Furthermore, the dynamical aspects of heat transport are also very special, because of the appearance of second sound waves (temperaure waves at constant density), and because of the strong interaction between thermal effects and mechanical effects.
The main features of the three mentioned devices are the following ones:
1. Laminar regime: The phonon mean free path (mfp) is short as compared with the radius of the pipe in cylindrical channel or with the smallest size in rectangular channel. Furthermore, the heat-flux value is low enough in such a way that the normal component of helium (carrying the heat flow) is laminar. In cylindrical tubes, the total heat flowQ and ∇T are related by the following expression [2, 3, 11, 12] :
where R is radius of the pipe, η is the viscosity of the normal component, S the entropy per unit volume, T absolute temperature,Q the total heat current across the pipe (namely,Q = πR 2 q, q being the local heat flux, or the heat flowing per unit time and unit area), and ∇T the local temperature gradient along the tube. For laminar flow through a tube with rectangular cross section, the coefficient relating ∇T andQ in (1) is not longer valid. A theoretical solution which is found in Section 2.2. is a. The coefficient relating ∇T andQ in Eqs. (1) and (2) are the thermal resistance of the pipe. 2. Turbulent regime: For sufficiently high values of the heat flux, quantized vortices appear and contribute to the thermal resistance [13] [14] [15] [16] [17] , because of the frictional force between the normal component and the quantized vortices. Thus, the heat transport properties becomes strongly nonlinear, very different from those of the laminar regime. The relation between ∇T andQ for fully-developed turbulence is given by [1, 2] (3)
with ρ n and ρ s as the mass densities of normal component and superfluid component, C 1 a numerical constant and A is the area of the cross section of the channel (A = πR 2 for a cylindrical channel and A = ab for a parallelepiped channel). The main part of thermal resistance, in contrast to the purely viscous resistance in Landau regime, is now caused by the friction between the normal component (carrying the heat flow) and the quantized vortex tangle. In a recent paper by Sato et al. [18] more experiments were reported on heat transport in channels filled by superfluid helium, where it was observed that in several circumstances the temperature gradient was proportional to the heat flux to the 3.4 power instead of the 3 power. This adds further challenges to the nature and form of heat transport in this regime. It must be said that, furthermore, the transition between the laminar and the turbulent regime is very complicated, so that between (1) and (3) there is a considerable range of intermediate states not yet completely described. The rectangular tube was not fully studied in this situation apart from the paper by Ladner and Tough [17] . 3. Ballistic regime: The phonon mfp increases when temperature is lowered (for low temperatures, for example, it behaves as T −4.3 [4] ), in such a way that for sufficiently low temperatures, it becomes comparable to (or higher than) the smallest size of the pipe (below some 0.7 K is of the order of 0.5 mm and for lower temperatures it is still larger) [4, 6] . In this case, the predominant collisions are not the phonon-phonon collisions, but the phonon-walls collisions [4] . Thus, in these situations the walls play a crucial role. The expression relating ∇T andQ in this case is [4, 6] (4)
with C v being the phonon specific heat, v being the modulus of the phonon speed, and f is the fraction of phonons undergoing diffuse scattering from the tube walls (in contrast to those undergoing specular scattering). For the latter Whitworth in Ref. [19] found that f is a slowly funtion of the temperature T and f ≈ 0.95 for T ∈ [0.3 K, 0.6 K]. The ballistic regime shares a number of aspects with the ballistic regime in nanometric solid systems, but it may be approached from the laminar regime as well as from turbulent regime, which is not the case in solids. Up to now, we do not know the equivalent expression of (4) applied to a rectangular channel. In principle, it should be the same relation (4) with the transversal area ab instead of πR 2 , but we have found a proposal in Section 3.1. (see expression (25) ).
For the sake of completeness, another interesting mechanism in the heat transport in superfluid helium is the "near wall shock wave", which occurs in the presence of a heat flow from the boundary to the fluid [20, 21] . It is important just next to the boundary and it is characterized by a thickness δ, in which temperature decays as the distance from the boundary increases (for temperature T = 1.5 K the thickness δ ≈ 10 −6 cm).
Although its importance, in this paper we are mainly interested to the situations where the heat flux applied is parallel to the walls. Thus, the contribution of the boundaries becomes relevant when the transversal dimension of the channel is of the same order of the phonon mfp. In this situation it would be interesting to combine the back scattering due to the collisions phonon-wall and the boundary shock wave, which will be investigated in the next future.
The aim of this paper is to consider the transition between the three regimes illustrated, i.e. laminar, turbulent and ballistic, which can be established in terms of the mutual comparison among the length L −1/2 (the inter-vortex space), d (the smallest size of the channel) and (the phonon mean free path). In particular, the Landau regime is for
In particular, special attention is paid to the ballistic regime in parallelepiped devices.
The paper is organized as follows. In Section 2 we consider the equations for the heat flow inside channel with rectangular cross section and we calculate the heat flux profile in the laminar case. In section 3 we consider the influence of the wall when the phonons mfp is comparable or longer than the smallest size of the channel and some comments on the appearance of quantized vortices. In Section 4 we study the effective thermal conductivity in the presence of quantized vortex lines and slip condition on the wall caused by the phonon scattering; and finally Section 5 is devoted to conclusion and comments.
Heat flow along a channel with rectangular transversal section
In this section we derive the effective thermal conductivity of He II in the laminar regime inside a channel of rectangular cross section with transversal sizes − a 2 < y < a 2 and 0 < z < b, and length l along the x direction. We describe heat transport in terms of Extended Thermodynamics [22, 23] when superfluid helium is globally at rest. In terms of the two-fluid model, the motion of the normal component is compensated by an opposite flow of the superfluid component, in such a way that the net velocity of the total system vanishes, i.e., there is no net mass flow. This means that ρ svs + ρ nvn = 0, wherev s andv n are the average velocities of the superfluid and normal components on the transversal section of the tube, and ρ s and ρ n their density, respectively [13] [14] [15] [16] . 
Equations for heat transport in laminar flow
In the one-fluid model of liquid helium II it is rather natural to choose as fundamental fields the mass density ρ, the velocity v, the absolute temperature T , and the local heat flux q. The dynamical equations in the stationary situation, neglecting the nonlinear terms, for zero net mass flow are [24, 25] (5)
where S is the entropy per unit volume, σ q is the production term of the heat flux, p is the pressure, and λ 1 and η can be interpreted as the heat conductivity and the shear viscosity when applied to a classical fluid [24] . The thermal conductivity λ 1 is related to the velocity of second sound w 2 by the relation ζ := λ 1 /τ 1 = w 2 2 ρC v , where C v is the constant volume specific heat, and τ 1 the relaxation time of the heat flux. Both τ 1 and λ 1 are very high in superfluid helium, but their ratio is finite. In these equations, the time derivatives of the corresponding quantities have been neglected because we are interested in steady state situations. Note that the lefthand side of the second equation is the divergence of the flux of the heat flux (second order heat flux). Anyway, it must be said that consideration of the time derivative of the heat flux in the non-steady version of equations (5) is able to to describe in a direct way the second sound.
After some trivial manipulations, Eqs. (5)b and (5)d, respectively, become
where we can neglect the contribution ∇ 2 v because in Ref. [10] it was seen that it does not contribute to the full heat flow accross a transversal section of the channel in counterflow experiments.
In this section we assume the simplest expression for σ q , namely σ q = −q, while a more general assumption is required to take into account of the presence of vortices [10, 26, 27] .
When λ 1 is high enough, as it is experimentally observed, Eqs. (6a) and (6b) become
where we recover the famous London's equation (the last equation) relating the pressure gradient and the temperature gradient.
Heat flow through the rectangular channel
Now, let's set up our concrete problem. Let's assume that the heat flux has the form q(y, z) = (q(y, z), 0, 0) where y, z are the transveral axes and x is the longitudinal coordinate along the channel, and that the heat flux on the wall is also zero. Furthermore, pressure and temperature depend only on the x-axis. Thus equation (7a) becomes
The solution of this partial differential equation is a classical problem in hydrodynamic flow when q is the velocity of the fluid flowing in a channel with the same geometry as considered in this section. The solution is the Poiseuille flow [28] (9)
The integrated flow across a transversal section is (10)
For b/a → 0 (i.e. for thin and wide channels) it becomes
By means of (7b), when ∇p is expressed in terms of ∇T , expression (11) becomes
and hence the effective thermal conductivity of the superfluid is
Note that for a channel with infinite parallel plates the second term in the square brackets in the above expressions has to be removed, hence the heat flux acrossing the transversal section of width a and thickness b is [9] (14)Q = − b 3 a 12
while the effective thermal conductivity is
The reciprocal of this quantity is the thermal resistance per unit length and transversal area. This expression may be compared with the more well-known thermal conductivity of superfluid helium in laminar flow in cylindrical tube of radius R, which is [10] (16)
It is seen that for b −→ 0 in (15), K ef f tends to zero as b 2 . Note the same behaviour for R −→ 0 in (16) in a cylindrical channel. However, when compared with experiments (see expression (4)), this reduction is too strong, as it is observed that K ef f tends to zero as b (or R), rather than as b 2 (or R 2 ). This is the reason why (15) is not applicable when b becomes of the order of phonon mfp.
The ballistic regime

Equation and heat profile
In the ballistic regime, namely when the mfp of the phonon becomes comparable with the size of the system, collision with the surface become very relevant, and even dominant, in setting the thermal resistance. Inspiring in the so-called phonon hydrodynamics in the rarefied regime, one admits a heat flux slip flow along the walls, instead of the non slip condition. For this reason we choose (17) q w = −C ∂q(y, z) ∂z z=b where C is a non-negative parameter, which in kinetic theory of rarefied gases ma be identified as C = 2 − f f [4, 6] . More arguments on the interesting subject of no-slip condition can be find in Ref. [29, 30] . Note that the same condition (17) also holds in the wall z = 0, but with the derivative evaluated in the opposite direction, i.e. always pointing towards the inner of the channel. In this case the solution of the system (8) is again the solution (9) but with a finite integration constant due to the slip condition on the wall, namely
where q w can be interpreted as the proposed heat flux on the wall (17) . Inserting the solution (9) in the slip condition (17) we obtain the solution (19)
As above, let's calculate the integrated flow across a transversal section (20)
which for b/a → 0 (i.e. for thin and wide channels) becomes
The total heat flowQ in terms of the ∇T can be written by means of (7b)
and hence the effective thermal conductivity defined as
Note that for channel with infinite plates we recover the same results obtained in [9] (see equation (4.9)). In the case of a very small distance between plates then the wall effects are emphasized and expression (22) can be written 
Role of heat slip flow on the transition to turbulence
In the previous paragraph we have computed the slip heat flow along the walls in the ballistic regime, and its role on the effective thermal conductivity. Here, we explore its role on the appearance of the first quantized vortex and on the transition to turbulence. Such influence is due to the modification of the velocity profiles. IfV n andV s be the total volume flow rate of normal and superfluid components of superfluid helium, related to the average velocities byV n = abv n andV s = abv s . Counterflow imposes that ρ nVn = −ρ sVs and hence the total heat flow isQ = STv n ab = STV n . The same arguments are of course valid for cylindrical channel but with the area πR 2 in place of ab.
Let's first consider the heat flux flowing through two infinity plates. This means neglecting all the negative contributions in the expression (21) . Thus, the total heat flow accross a channel of thickness b and width a is given by
as also obtained in [9] (see equation (4.8)). Expression (28) is related to the maximum value of heat flux q max = q(z) |z=b/2 inside the channel by
where the superscript "s" stands for "slip", while for the non slip condition
where the superscript "ns" stands for "no slip".
For a given heat flowQ, what we note is that q ns max ≥ q s max . Indeed,
The same arguments can be also applied to cylindrical channel of radius R. Indeed, by means of the results of the paper [9] we know that the relation between the applied total heat fluxQ and the value of the maximum heat flux (at the axis of the channel) with and without slip condition are
and for non slip condition
For a given heat flowQ in a cylindrical channel we obtain
From a qualitative point of view, the first vortices will arise when the available vorticity is equal or slightly higher than the quantum vorticity κ = h/m (h being the Planck's constant and m the helium atomic mass), as discussed in [31] . On the other side, the available vorticity will be of the order of (ρ n /ρ))|v n − v s | max 2π(b/2), b being the separation between plats, or the diameter of a cylindrical channel. Equating these two quantities, a critical quantum Reynolds number appears. The quantum Reynolds number is Re q = V ns b κ , with κ instead of the kinematic viscosity ν of the classical Reynolds number, and V ns = |v n − v s | [31] . Quantum Reynolds number can also be written in terms of the heat flux q by means of q = ST V ns ,
In [31] it has seen that the appearance of the first vortex occurs for
, with a 0 the size of the core of the vortex. According to the above results, the presence of the slip condition modifies the maximum value of the heat flux inside the channel and it becomes smaller than the corresponding one with zero-slip condition. This means that we have to apply a higherQ for the appearance of the first vortex in such a way that
max reaches the critical value. In terms of the quantum Reynolds number for infinite plates (35) Re
and analogously for a cylinder channels. From a qualitative point of view, the walls delay the appearance of vortices by a factor 2C b+4C
for infinite plates and by a factor
for a cylindrical channel. This delay could occur also for the other critical Reynolds numbers for the appearance of the TI turbulence and TII turbulence in cylindrical channel as well as for for the appearance of TIII turulence in rectangular cross section channel with high aspect ratio.
Turbulent regime (Gorter-Mellinck)
In this Section we consider the presence of a vortex tangle in order to find out how the heat conducibility changes when quantum vortices are distributed all over the channel. It is well known that quantum vortices appear when the applied heat flux is higher than a critical value [13, 14, 16, 32] . Tough and coworker studied turbulence and the transition to turbulence in superfluid helium for a lot of channel size and shape. They found out a further transition in the turbulente regime for cylindrical channel which distinguishes turbulence in two kind of turbulence (state TI and state TII) [32] . In a rectangular channel with high aspect ratio instead Ladner and Tough found just one state of turbulence, which they called TIII [17] .
In the turbulent regime we must consider an additional equation for the vortex line L, which also takes into account the size of the channel. For the sake of simplicity we consider here the same equation used in Ref. [10] (36)
where coefficients α 0 and ω are functions of v ns d/κ, d is the radius of the cylindrical channel or the minimum value between the two sizes of the channel d = min{a, b} in rectangular channel (which becomes b in the high aspect ratio situation considered in this paper). Equation (36) was proposed on dimensional grounds taking into account the lowest size in the channel compared to the mean distance between vortex lines L −1/2 , namely the ratio L −1/2 d . Indeed, in the equation (36) it was considered only the first two terms in the expansion of distruction term βκL 2 , which is βκL
terms could be considered as well as in the production term α 1 qL 3/2 [33] . The full system in the steady state then becomes
The third equation (37c) can be also written in terms of the heat flux q by means of q = (ρ s /ρ)ST v ns . Equation (37b) has the steady state solutions
where γ = α 0 βκ . The second solution is stable for q > q c1 = ρsST ρ βκω α 0 d , and in Ref. [34] it is seen that it has two different regimes, namely a TI turbulence and TII turbulence flow. In a channel with a rectangular cross section with high aspect ratio, instead, just one status was revealed, which suggests that the turbulence in these kind of channels is simpler than the one in the cylindrical channels.
Thermal counterflow in high-aspect ratio rectangular tubes exhibits only one turbulent state (also named TIII) with the coefficient γ, named γ 3 (T ), comparable with the γ 2 (T ) coefficient, which is the value of γ in the TII turbulence in cylindrical tubes. From Yarmchuck and Glaberson's results (applied to wide channel) [35] and Ladner and Tough's results (applied to narrow channel) [17] it was stated that γ 3 (T ) does not depend on the tube size.
The expression of γ, instead, depends on the geometry of the channel by a ratio D/d, where D is the hydraulic diameter (D = 4A/P with A the area and P the perimeter of the transversal section of the channel) and d is the radius R in the cylindrical channel and the size b in the rectangular channel. In the former D/d = 1, while in the latter D/d > 1.
Below we distinguish two main situations:
In both cases, on the grounds of past numerical simulations [36, 37] , we assume that the vortex line density L is constant on any transversal section and, therefore, we stress that L should be considered as the homogeneous equivalent vortex-line density.
The first equation (37a) is not changed and the solution is still expression (9) because we are in the same conditions as the previous section. The heat flow accross a transversal section is still the expression (10), which can be simplified in (11) .
Integrating the second equation (37b) on the trasversal section one obtains (39) abS∇T
where L is mean value of the vortex line density on the transversal section of the channel. Expressing the previous equation in terms of ∇p and substituting it in the expression (9), then one can obtain
and hence the thermal conductivity
But L is itself a function ofQ whenQ is high. Expression (40) is the one used by Ladner and Tough for their studies. As one can see in their paper, this expression fits very well the experimental data for different temperatures and channel sizes.
Case
Now, we consider the case in which the phonon mean free path is comparable to the sizes of the channel and much longer than the main distance between quantized vortices. This condition requires a no-null value of the heat flux q(y, z) on the wall. The dynamical equations are still (8) , but the solution of the equation (37a) to be considered is the solution (19) and the corresponding heat flux accross the transversal section (20) or (21) .
Integrating the second equation (37b) on the trasversal section we obtain (39), where we can substitute the expression (20) or (21) 
Note that expression (40) for the total heat flux and (41) for thermal conductivity are not longer valid when the scattering of phonon on the wall become relevant. Here, we take into account two opposite contribution to the total heat flux and to K ef f : from one hand the presence of the scattering of phonons (slip condition) raises the value of K ef f and the dissipative effect of the vortex lines which decreases K ef f .
Discussion and Conclusion
In this paper we have considered the effective thermal conductivity in a counterflow channel with rectangular cross section with high aspect ratio. It is interesting to note that the model is able to describe not only the three regimes (laminar, turbulent and ballistic), but it also describes the transition among them. In [9] we considered the effective thermal conductivity in cylindrical channel in the same regimes considered here, but now we pay more attention to the wall effects on the transition to quantum turbulence. As in [9] we find that when the distance b between the plates (or the radius R in the cylindrical channel) is small enough then the effective thermal conductivity is not proportional to b 2 (or R 2 ), as one erroneously could think from expression (13) . Indeed, in Section 3.1. we obtain expression (23) which is proportional to b for very small value of b. Expression (23) takes into account the transition between laminar and ballistic regimes, and for b very small we find expression (25) , which is equivalent to the experimental proposal in the ballistic regime in cylindrical channel [4, 6] . Further studies are required to handle the so called "near wall shock wave" in the proximity of the hot walls [20, 21] .
In Section 3.2. we have paid attention to an argument which has not been considered yet, at least to our knowledge. Indeed, when the effects of the walls are not neglected then all the arguments, referring to heat flux profile, transition to quantum turbulence and so on, have to be reconsidered. The result is that when the mfp of the phonons becomes comparable to the smallest size of the channel, then the heat flux has a slip condition on the walls, so that the maximum value of the heat flux q inside the channel is lowered (the profile is more flattened). It implies that more external heat fluxQ is necessary in such a way that the maximum value of the heat flux becomes higher than the critical value for the appearance of the first quantized vortex line.
In Section 4 we have considered the presence of quantized vortices in the channel and their influence on the effective thermal conductivity. For it, a further equation has been necessary (equation (36)), which we have already proposed in [10] , and we have used here for the sake of uniformity. Unfortunately, there are not enough papers dealing with parallelepiped counterflow channels. In [17] Ladner and Tough consider four long channels with a rectangular 10b × b cross section with b = 0.0098 cm, b = 0.0047 cm, b = 0.0032 cm and b = 0.0091 cm in the range of temperatures 1.2 K to 1.8 K. According to their results, they found only one state of quantum turbulence (the TIII turbulent regime), which reveals that rectangular channel is simpler than quantum turbulence in cylindrical channel, where two kinds of turbulence have been detected [32, 34] .
Our expression (40) can be also obtained by means of the two-fluid model [38] [39] [40] [41] (as also found in [9, 10] ), and indeed it coincides with that taken by Ladner and Tough, apart from the expression of the steady vortex line density (their equation (25) ), which they approximated within 2 % by the expression where V = ρ ρ s ST q is the counterflow velocity, γ = α 0 βκ and V c is the critical counterflow velocity for the appearence of quantum turbulence. Expression (44) is practically our expression (38b), which is also able to describe the transition between the turbulent T I regime and the turbulent T II regime in the cylindrical channel [10] . In the last Section 4.2. we take into account the presence of the walls. What we find is that the effective thermal conductivity has further terms from the slip condition, apart from the ones coming from the presence of quantum turbulence and laminar flow. In this respect, in their experiments Ladner and Tough do not consider any contribution from the walls. They instead adopt the stringent condition that the measured laminar temperature difference must agree with equation (2) over a wide range of temperatures, and any further discrepancy of their results from this formula or, more in general, from formula (40) are considered in details.
The arguments of this paper open the interest to further studies on the refrigeration of small devices located in a parallelepiped channel with high aspect ratio where a cryogenic fluid flows.
